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CHAPTER I 

I N T R B D E T  ION 

i -  

h a i r c r a f t  o r  m i s s i l e  t r a v e l i n g  along an  i n c l i n e d  

f l i g h t  pa th  i s  subjec ted  t o  a v a r i a t i o n  of a i r  d e n s i t y  wi th  

t i m e .  

envelope and on any suppor t ing ,  s t a b i l i z i n g ,  O r  c o n t r o l  

su r f ace  are p ropor t iona l  t o  the  a i r  d e n s i t y .  Any d e v i a t i o n  

cf t h e  a : r ~ r g f t  from ths a t t i t u d e  correspontiing t o  e q u i i i b -  

rim in s t eady  r e c t i l i n e a r  f l i g h t  i s  a time-dependent 

motion. 

of change of a i r  d e n s i t y  with t i m e ,  t h i s  r a t e  of change must 

be taken i n t o  account i n  c a l c u l a t i n g  the  a i r c r a f t  motion. 

It is of  p a r t i c u l a r  i n t e r e s t  t o  determine whether the 

v a r i a t i o n  of d e n s i t y  wi th  time will adve r se ly  a f f e c t  t h e  

s t a b i l i t y  of t he  a i r c r a f t .  

The f o r c e s  and moments e x e r t e d  by tb a i r  on the  body 

It i s  apparent t h a t  i f  t he re  i s  a s u b s t a n t i a l  r a t e  

This  problem is becoming i n c r e a s i n g l y  important  with 

t h e  i n c r e a s e  i n  a i r c r a f t  and m i s s i l e  speeds.  

a i r c r e f t  of t he  f u t u r e  mag reacn  o r b i t a l  or  near  o r b i t a l  

speeds i n  f l i g h t  a t  a l t i t u d e s  where the  atmospheric p re s su re  

i s  P r a c t i c a l l y  zero .  

so lved  before  such f l i g h t  i s  p r a c t i c a b l e  is t h a t  of i n s u r i n g  

that the  v e h i c l e  w i l l  be s t a b l e  and c o n t r o l l a b l e  while 

Miss i l e s  and 

Among t h e  many problems which must be 

L . U U ~ ~ a ~ e  l a r l w * - -  G i i G  Paentering the atmosphere and hence being sub- 

j e c t e d  t o  large rates  nf chsr?gs cf ~ t m ~ i i p h i j ~ i i ;  Gensity. It 

1 
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i s ,  t h e r e f o r e ,  e s s e n t i a l  t o  be ab le  t o  eva lua te  the  e f f e c t  

upon s t a b i l i t y  of r a t e  of  change o f  a i r  d e n s i t y  wi th  t ime. 

That t h e  e f f e c t  of v a r i a t i o n  of d e n s i t y  wi th  t ime can 

not  be neg lec t ed  i n  e s t ima t ing  performance has been known 

f o r  many years  ( r e f e r e n c e  1) I n  1942, Scheubel 

( r e f e r e n c e  2 )  showed t h a t  the d e n s i t y  v a r i a t i o n  with h e i g h t  

may apprec iab ly  a f f e c t  dynamic s t a b i l i t y  i n  " l e v e l "  f l i g h t ,  

i .e . ,  f l i g h t  involving small d e v i a t i o n s  f rom a l e v e l  mean 

Wn..-n-lr f -mP. - . -n - -a  2 \ i;ath* i v v u u a A n  \ + r , L q A o I i b Q  / I  ~ ; o i ~ t s  out t h a t  to t r e a t  t h ~  

genera l  problem of the e f f e c t  upon dynamic s t a b i l i t y  of 

the  d e n s i t y  v a r i a t i o n  wi th  t i n e  i n  an i n c l i n e d  f l i g h t  pa th  

w i l l  " r equ i r e  an e n t i r e l y  new mathematical  t rea tment ,  more 

d i f f i c u i t  than anything i n  t h e  f a m i l i a r  theory  o f  s t a b i i i t y . "  

The e s s e n t i a l  d i f f e r e n c e  i n  t he  mathematical  t rea tment  

a r i s e s  from t h e  f a c t  t h a t  the  i n c l u s i o n  of terms d e s c r i b i n g  

the  e f f e c t  of v a r i a t i o n  of d e n s i t y  with time r e s u l t s  i n  

l i n e a r  d i f f e r e n t i a l  equat ions w i t h  v a r i a b l e  c o e f f i c i e n t s ,  

whereas t h e  c l a s s i c a l  mathematical  t rea tment  based on the  

assu~pt io: :  of small deviatioris frcjrr, 8 mean f l i g h t  g i v e s  

l i n e a r  d i f f e r e n t i a l  equat ions with cons t an t  c o e f f i c i e n t s .  

The s o l u t i o n  of a s e t  of simultaneous d i f f e r e n t i a l  equat ions  

w i t h  v a r l a b l e  c o e f f i c i e n t s  such as i s  r e q u i r e d  t o  descr ibe  

motion with mor8 than one degree of freedom appears t o  
3 * n n .  gi.G~eilt g r e a t  f i i a t t a m u t i i i a l  u i ~ i i r ; u i t y  and, so Zar as is 

known,, ha8 not been aacomplishad,. 
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I n  the  p re sen t  i n v e s t i g a t i o n ,  an a t tempt  will be 

made t o  g a i n  some i n s i g h t  a s  t o  t h e  g e n e r a l  e f f e c t  of r a t e  

of change i n  d e n s i t y  wi th  time by making a t h e o r e t i c a l  s tudy  

of a s imple  single-degree-of-freedom system. It w i l l  be 

assumed t h a t  t h i s  system i s  sub jec t ed  t o  an exponen t i a l  

v a r i a t i o n  of d e n s i t y  w i t h  time. 

d i f f e r e n t i a l  equa t ion  wi th  v a r i a b l e  c o e f f i c i e n t s  f o r  t he  

motion fo l lowing  a d i s tu rbance  w i l l  be s e t  up and so lved .  

The r e s u l t i n g  l i n e a r  

Thn m o t i e n  w i l l  be discussed  considering bGth ascending 

and descending f l i g h t .  The imp l i ca t ions  of t he  s i n g l e -  

degree-of-freedom s o l u t i o n  r e l a t i v e  t o  t h e  g e n e r a l  ca se  of 

f r e e  f l i g h t  with s i x  degrees  of freedom w i l l  be cons idered .  

material t o  Sa presented w i i i  b e  arranged a s  

Development of t h e  D i f f e r e n t i a l  Equat ion 

Analysis and S o l u t i o n  of the D i f f e r e n t i a l  

Equat ion 

Discuss ion  

S 1 m - m  r y 

Appendix I - Hypergeometric S o l u t i o n  f o r  t h e  

D i f f e r e n t i a l  Equat ion 



CHAPTER I1 

DEVELOPmNT OF THE DIFFERENTIAL EQTJATION 

c 

The equat ion of equi l ibr ium of  i n e r t i a  and aero- 

dynamic moments f o r  an a i r c r a f t  having a s ing le  degree of 

freedom can be w r i t t e n  

.. . 
I8 = MbQ + MgQ 

where 8 i s  the  angular  d e v i a t i o n  from L e  t r i m  a t t i t u d e .  

In w r i t i n g  t h i s  equat ion ,  i t  i s  assumed t h a t  the  aerodynamic 

moments M i  and MQ a r e  l i n e a r  wi th  r e s p e c t  t o  8 and 8 ,  

r e s p e c t i v e i y ,  far tile mtigriitudes t o  b6 encountered,  t ha t  they 

a r e  mutual ly  independent ,  and t h a t  they are  a l g e b r a i c a l l y  

add1 t ive  . 

. 

The p a r t i a l  d e r i v a t i v e  of the  aerodynmic  moment due 

t o  angular  displacement  MQ can be w r i t t e n  as  

1 2  
ms XQ = p: szc 

where S i s  a re ference  a rea ,  Z i s  a r e f e r e n c e  l eng th ,  

and C - is Q nondimensional c o e f f i c i e n t  dependent 

on the aerodynamic conf igu ra t ion .  
MQ - be 

4 
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Sirrdlar ly ,  the  p a r t i a l  d e r i v a t i v e  of t h e  aerodynamic moment 

I .  
due t o  angular  v e l o c i t y  MQ can be w r i t t e n  a s  

where 

i s  a nondimensionai damping c o e f f i c i e n t  dependent on ttre 

For the purposes of t h i s  paper ,  i t  w i l l  b e  assumed 

t h a t  V i s  a cons t an t  and t h a t  p i s  a func t ion  of t i n e .  

It w i l l  be f u r t h e r  assumed t h a t  the vehic le  i n  ques t ion  i s  

t r a v e l i n g  a t  nea r  o r b i t a l  speed on an i n c l i n e d  f l i g h t  pa th ,  

and t h a t  the change i n  height  above the  e a r t h ' s  su r f ace  i s  

l i n e a r  with time ( t h e  e f f e c t  of t h e  earth's curva ture  i s  

neg lec t ed ,  or  can be considered t o  be compensated by  a 

corresponding curva ture  of the  f l i g h t  pa th  i n  space ) .  From 

Figure  3 of  r e fe rence  4, it will be seen t h a t  the  v a r i a t i o n  

of atmospheric d e n s i t y  with he igh t  can be approximated by 

tka r a l m L 4 r -  
V I A -  A V ACL U& V U  
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i n  t he  i n t e r v a l  between sea l e v e l  and 

Thus we can wr i t e  

h = 400,000 f e e t .  

-aho-bAh P = P& 

Since it h a s  been assumed t h a t  Ah v a r i e s  l i n e a r l y  with 

t i m e  

where a = 3.67 x 10-5 and c = 3.67 x loo5 Vht with the 

p l u s  s i g n  corresponding t o  descending f l i g h t  and the minus 

s i g n  t o  ascending f i i g h t .  S u b s t i t u t i n g  i n  ( 2 )  

L e t t i n g  

and 
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gives the differential equation 

;+ Ae + Be ictg - - 0  

representing the motion following a disturbance of a single- 

degree-of-freedom system in an atmospheric density varying 

exponentially with t i w e  The values of A and B 

obviously must be calculated using 

corresponding to the altitude at which t = 0. 



CHAPTER I11 

, .  

ANALYSIS 

AND 

SOLUTICN OF THE DIFFERENTIAL EdUATION 

The gene ra l  s o l u t i o n  of t h e  equa t ion  

?3 8 hypergeometr:c series [ s e e  Appendix I) which Goes not 

a f f o r d  & simple o r  r e a d i l y  understandable  expres s ion  f o r  the  

v a r i a t i o n  o f  8 wi th  t ime.  Since the purpose of  this paper 

is  t o  e l u c i d a t e  t h e  motion, it appears  d e s i r a b l e  t o  p re sen t  

and s tudy  soiutions which r e s u i t  from c e r t a i n  s impl i fy ing  

assumptions. The first assumption w i l l  be t h a t  c 4 0. 

Consider ing (l), when c = 0 g ives  

.. 
e + ~6 + Be = o 

A s o l u t i o n . i s  r e a d i l y  obtained by assuming the v a r i a t i o n  of 

8 v : i t h  time t~ b e  given bg 

S u b s t i t u t i n g  i n  ( 6 )  and so lv ing  f o r  A g ives  
m 

0 
.! 
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or 

or 

L -J 

If 

If 

($)2 = B 

If 
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These s o l u t i o n s  a r e  wel l  known and t h e  s t e p s  have 

been repea ted  here  o n l y  f o r  completeness.  

The case  of g r e a t e s t  p r a c t i c a l  i n t e r e s t  i s  t h a t  

desc r ibed  by equation (7a )  when A i s  very  smal l ,  

corresponding t o  poor aerodynamic damping. Yhen the damping 

is zero, the R m p l i t u d e  nf the o 3 c i l l Z t : n n  remains c n z s t a n t  

2nd hence the  energy i n  the o s c i l l a t o r y  mode i s  c o n s t a n t  

and can be expressed as 

where 8, i s  t h e  amplitude and B I  is t he  aerodynamic 

s p r i n g  r a t e ,  

Since 3 decreases  exponen t i a l ly  w i t h  a l t i t u d e  

( f o r  cons t an t  V ) i t  i s  apparent  t h a t  i f  t h e r e  i s  no 

aerodynamic damping the amplitude of t he  o s c i l l a t i o n  must 

i n c r e a s e  e x p o n e n t i a l l y  w i t h  a l t i t u d e  u n l e s s  t h e r e  i s  some 

energy  t r a n s f e r  because of t h e  change i n  d e n s i t y  with t i m e  

4uI;Lrig tile: moiion. i n  orcier io c i e i u r m i r i e t  wiiui i iur ~ u c i i  ttri  

in te rchange  exists, i t  i s  necessary  t o  cons ider  the case 
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when c # 0 .  It will be convenient  t o  let A = 0, thus  

removing the  energy drain due t o  damping. 

Equat ion ( 5 )  with A = 0 has a c losed a n a l y t i c  

s o l u t i o n  obta ined  a s  follows: 

Let 

where 

then 

or 



L e t t i n g  A = 0 g ives  

Equat ion (10) can also >e w r i t t e n  as 

f o r  which a s o l u t i o n  i s  ( r e fe rence  5 ,  pp. 258-260)  

12 

IlO> 

where t h e  p l u s  s i g n  corresponds t o  descent and the  rninus 

s i g n  t o  ascent .  

F igure  1 i l l u s t r a t e s  the  motion desc r ibed  by 

equa t ion  (11) f o r  descending f l i g h t  . The p a r t i c u l a r  case 

used as  an example corresponds t o  t = 0 a t  an a l t i t u d e  

of  400,000 f e e t .  The other  assumptions a r e  

v = 20,000 f t / s e c  

" 3 -  - 200 lb/sq ft 
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v 7 = 2000 re ference  l eng ths  p e r  second 

c = 0.05 (corresponding t o  a r a t e  of descen t ,  Vh = 1360 

f e e t  pe r  second) 

It was assumed t h a t  a t  t = 0 

a = 6, 

e 

e = o  

With these  assumed va lues  and i n i t i a l  cond i t ions  

Now 

Jo (x )  c o s  (x - f) 

and 

Equat ion (il) can  be r e p l a c e d  by 



~- I .  

2 e =  I 

f o r  p r a c t i c a l  pxrposes except  near  t = 0 where t h e  

, ~ e s s e l ' = :  f u n ~ t i z l n  iiiust b e  ~ e t i i i n e d  f o r  a c c u r a c y .  - 
From equat ion  (12)  i t  i s  apparent  t h a t  t h e  naximum 

arnpiitude i n  descending f l i z h t  is p r o p o r t i o n a l  t o  

The v a r i a t i o n  of energy with t i m e  i s ,  t h e r e f o r e  

e . 

i n d i c a t i n g  a growth o f  energy w i t h  time due t o  the i n c r e a s e  

of d e n s i t y  i n  descending f l i g h t  . S i m i l a r l y  i n  ascending 

f li&t 
= zt C 

E = Ke 

and t h e  energy  i n  t h e  o s c i l l a t i o n  dec reases  with t ime, even 

though t h e  a r q l i t u d e  incpeases  i n  propor t ion  t o  e . 
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No useable  e x a c t  s o l u t i o n  was found for equa t ion  (5). 
A p r a c t i c a l  s o l u t i o n  was found, however, a s  fo l lows:  

Equat ion (12)  g i v e s  a close approximation t o  the  

e x a c t  value for 8 given by (11) except  v e r y  nea r  t = 0. 

%hen t h i s  express ion  for 8 i s  i n s e r t e d  i n  .. 8 + Bect@ = 0 

i t  i s  found t h a t ,  s i n c e  

e 
= e  - + I C l  

L 

L e t t i n g  

6 93[-c1 s i n  + c2 cos  a 1  1 



and 

b. 

e 
9 + C2 s i n  

l? 

+ 

d$ Jt r -C1 s i n  + C2 cos  
L J 

t'nen 
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C 
2 -  

T h i s  can be e x a c t l y  t r u e  only i f  - ' e  F~ = 0. Since c 
16 

- t t  
i s  s m a l l  and e decreases  r a p i d l y  from 1 6 s  t 

i n c r e a s e s ,  i t  i s  apparent why (12)  can c l o s e l y  approximate 

c2  - 3 (ll), e s p e c i a l l y  a t  l a r g e  values  of t .  The term - e 
I 16 

is small  r e l a t i v e  t o  Be - 
16 

0- - 3c, 
gj.smmntnt.,=s -3e4 8 9  t lerme 

J --r - - - - - 
If one w r i t e s  the a l t e r n a t i v e  form 

l -  

t hen ,  l e t t i n g  

Z 



and 

One finds that 

which c a n  be neg lec t ed ,  as  was previously shown. 

Also  



20 

In order  t o  f i n d  an expression for 

it  seems reasonable  t h a t  

8 t o  f i t  equat ion  ( 5 ) ,  

where f ( t )  I s  an added damping term and g l ( t )  i s  a new 

f u n c t i o n  d i f f e r i n g  from g ( t )  only s l i g h t l y  because o f  the  

i i if iuence of iine damping on the per iod .  'u'nder t h e s e  

c o n d i t i o n s ,  I t  i s  a l s o  reasonable  t o  assume t h a t  

L -i 

and 

a r e  s m a l l  and can be neglec ted .  I t  will be shown l a t e r  t h a t  

this ~ s u ~ p t i n n  is j u s t i f i e d .  Differentiotinm 0 - 8 ar,d 

l e t t i n g  
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I 

. 
1 cos u3 + C2 s i n  u + e - =  

3 G 
+ c2 s i n  u 3 + 

gl'[cl cos u 3 
1 rl 

J 
Differentiating aga tn  

.. 1 
- =  8 f"gl- '[ c1 cos a + c2 s i n  a3] + 

E 

X 
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Neglect ing the  terms p rev ious ly  shown t o  be sma l l ,  

and s u b s t i t u t i n g  in the o r i g i n a l  complete d i f f e r e n t i a l  

equation 

In order  t h a t  the equat ion  be s a t i s f i e d ,  i t  i s  

necessa ry  t h a t  the  c o e f f i c i e n t s  of 

F1 cos  u + c2 s i n  u 1 
3, 

and 

-C1 s i n  u 3 + c2 cos u] c 3 
each be equal  t o  zero. Therefore 

and 

2 f t  + AeCtf = 0 
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From t he  l a t t e r  r e l a t i o n  

f’ A ,ct  
y = - 2  

l o g  f = - - A e c t  + Const 
2c 

or 
A c t  ---e 

f = Const e 2c 

o r ,  a l lowing the  cons tan t  t o  be absorbed i n  C1 and C2 

t A c t  
2c ---e 

f = e  

A c t  4 - 2c’ f t = - z  e 

One can then w s i t e  

- p c t  A - p c t  A 
Aect  e glglt + Bect, = o  

2 



or 

Now i n  gene ra l  [(u' - y] is n e g l i g i b l e  r e l a t i v e  

t o  B and one can write 

o r  

24 

L e t t i n g  

L 

I n t e g r a t i n g  by p a r t s  givea 
n 

+ 

4 

e 

1 2, 
)e2" 

J 

0 
35 
- 

k' 

4 



In t h e  sample problem, the value cf t a t  which 
00 000 - the a i r c r a f t  has reached the ground is t = 4- - 

1 3  0 

25 

- 
294 seconds. Also 

42 = 0,512 
-2 Y 

2 2 

($ e'") = 0.0067 

I n s e r t i n g  the above v a l u e s  i n  the expression f o r  g1 
r 

It 1 s  apparent  t h a t  
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can  be used without important 1 0 3 s  of accuracy. This  

confirms t h e  assumption t h a t  

CBT! be n e g l e c t e d  s i n c e  it WEE! shcw?? e e r l i a r  that nharr g1 = g 
t hese  q u a n t i t i e s  a r e  neg l ig ib l e .  

c a l  i n t e r e s t  

For  most ca ses  of p r a c t i -  

will s u f f i c i e n t l y  accu ra t e ly  r e p r e s e n t  the motion. I t  will 

be seen t h a t  t h i s  d i f f e r s  from equa t ion  (11) o n l y  by t h e  

a d d i t i o n  of the damping term 



I .  

I -  
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Although equa t ion  (13 ) i s  most g e n e r a l l y  a p p l i c a b l e  

and r e p r e s e n t s  the normal s i t u a t i o n  of  low aerodynamic 

damping and a moderate aerodynamic s p r i n g  c o n s t a n t ,  i t  i s  

of i n t e r e s t  t o  cons ider  a s p e c i a l  case  r e p r e s e n t i n g  a high 

r a t i o  o f  damping t o  sp r ing  cons t an t  a s  might e x i s t  f o r  an 

s i r c r a f t  wi th  very  low " s t a t i c "  s t a b i l i t y .  The s p e c i a l  

cas8  r ep resen ted  by 

@ = e  (14) 

For p o s i t i v e  va lues  of B the term i n  KO i s  obvious ly  a 

r a p i d  convergence. The f u n c t i o n  Io d ive rges  r a p i d l y  

b u t  it can r e a d i l y  be shown t h a t  t he  f u n c t i o n  

9 = e  y o  ( *  2E ect) a l s o  converges,  a l though slowly. 



CHAPTER I V  

D I S C  WSS I O N  

The gene ra l  d i s tu rbed  motion of an h y p o t h e t i c a l  

e ingle-degree-of  -freedom a i r c r a f t  e n t e r i n g  the  e a r t h ' s  

atmosphere a t  cons tan t  speed can be approximated by 

equat ion  ( 1 3 )  

where A and B depend on t h e  a i r  d e n s i t y  a t  t = 0 

while C1 and C2 a r e  cons t an t s  of i n t e g r a t i o n  f i x e d  by  

thg c h a r a c t e r i s t i c s  of the  motion a t  t = 0. 

The motion descr ibed by equa t ion  (13) d i f f e r s  from 

Figure  1 only by a more r a p i d  decrease  of amplitude with 

t ime.  It d i f f e r s  from the o s c i l l a t o r y  motion descr ibed  by 

equa t ion  ( T a ) ,  corresponding t o  a s ingle-degree-of  -freedom 

a i r c r a f t  a t  cons t an t  a l t i t u d e ,  i n  t h a t  bo th  t h e  aerodynamic 

damping and the frequency i n  descending motion increase  

e x p o n e n t i a l l y  with t ime. A180 t h e  m o t i o n  decays exponen- 

t i a l l y  w i t h  time even when the  aerodynamic damping i s  zero.  

T h i s  l a t t e r  e f f e c t  a r i s e s  f r o m  t h e  f a i l u r e  of t he  increase  

20 
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i n  d e n s i t y  with t ime t o  f e e d  energy i n t o  the o s c i l l a t o r y  

motion f a s t  enough t o  support  a cons t an t  amplitude. The 

energy i n  the o s c i l l a t i o n  can be expressed a s  

c 1 

Since 8 = 0 a t  times of maximum 8 t h e  energy would be 

r equ i r ed  t o  increase  a s  ect  t o  main ta in  a cons tan t  arnpli- 

Secause o f  the  exponent ia l  v a r i a t i o n  of the aero- 

dynamic damping with t ime,  t h e  t o t a l  damping a t  high a l t i -  

tude i s  a l z o s t  e n t i r e l y  due t o  t h e  r a t e  of i nc rease  of  

d e n s i t y .  Cn t h e  o t h e r  hand, the aerodynamic dampln& may 

become very powerful a t  low a l t i t u d e ,  a s  was t h e  case f o r  

t h e  i i l u s t r a t i v e  e x m p l e  . 
Equation (13) a p p l i e s  e q u a l l y  we l l  f o r  ascending 

f l i g h t  when c i s  rep laced  by ( - c ) *  I t  can be w r i t t e n  



It w i l l  be seen t h a t  when A i s  sma l l ,  o r  t i s  

l a r g e ,  t h e  motion corresponds t o  an u n s t a b l e  o s c i l l a t i o n  of 

i nc reas ing  pe r iod .  Hence an h y p o t h e t i c a l  s ingle-degree-of-  

freedom a i r c r a f t  l e a v i n g  the atmosphere a t  c o n s t a n t  speed 

w i l l  t end  t o  perform inc reas ing  o s c i l l a t i o n s  when it  reaches  

h i g h  a l t i t u d e s  and will obviously take  on a tumbling motion, 

if' n o t  o therwise  s t a b i l i z e d ,  a s  i t  l eaves  the atmosphere. 

The s p e c i a l  case  r ep resen ted  by  equa t ion  (14) i n d i -  

cates the t of - - - -  3 -I 1-1 -L. ---- - ̂- 
U I l U D U U A L ~  L l l r j l l  U t 2 l - U d J I l U l l l ~ ~  &gfipiE& GI' 

an unusua l ly  low aerodynamic s p r i n g  c o n s t a n t  o r  a very l a r g e  

r a t e  of v e r t i c a l  descen t .  The motion under such c o n d i t i o n  

degene ra t e s  i n t o  a p a i r  of convergences: one very  r a p i d ,  

cor responding  t o  t n e  tendency f o r  8 t o  be damped q u i c k l y  
b 

t o  E. low value after a d i s tu rbance ;  the o t h e r  ve ry  s low,  

corresponding t o  a s low r e t u r n  of 8 toward zero  a f t e r  a 

d i s t u r b a n c e .  

The preceding a n a l y s i s  and d i s c u s s i o n  a p p l y  o n l y  t o  

a single-degree-of-freedom system. As i s  w e l l  known (for 

axampie, see the d i s c u s s i o n  i n  r e fe rence  7 )  the  motion of a 

mul t ip l e  -degree-of -freedom system may be undamped al though 

damping of each  of t h e  i n d i v i d u a l  degrees  of  freedom may be 

p o s i t i v e .  This  a r i s e s  f r o m  t h e  e x i s t e n c e  o f  phase r e l a t i o n -  

s h i p s  between t h e  motions i n  the  d i f f e r e n t  degrees  of  

freedom wnicn i n  t u r n  produce s i c u a t i o n s  whereby a motion 

rn  transletion, for FIxmp1e, frerle energy i n t n  motinn nf 



r o t a t i o n  through t h e  sp r ing  cons t an t  o f  t h e  r o t a t i o n .  It i s  

probable  t h e t  t h e  damping o f  8 mult iple-degree-of-freedom 

system w i l l  be a f f e c t e d  by t h e  change of d e n s i t y  with time 

s i m i l a r l y  t o  the  single-degree-of-freedom system. 

be t r u e  i f  t he  phase r e l a t i o n s h i p s  a r e  no t  adverse ly  a f f e c t e d  

by t h e  change i n  d e n s i t y  with t i n e .  

Th i s  will 

whetner t h e y  w i l l  o r  

w i l l  no t  be s o  a f f e c t e d  can o n l y  be determined by s imul ta -  

neous s o l u t i o n  of t h e  d i f f e r e n t i a l  equat ions  wi th  v a r i a b l e  

T h i s  s o l u t i o n  has  not been at tempted dur ing  t h i s  i n v e s t i -  

g a t i o n  but  obviously should  be c a r r i e d  o u t .  



CHAPTER V 

SUMMARY 

The d i f f e r e n t i a l  equat ion  f o r  t h e  motion of an 

h y p o t h e t i c a l  single-degree-of-freedom a i r c r a f t  f l y i n g  a t  

n igh  speed on an  i n c l i n e d  pa th  has  been solved: e x a c t l y  f o r  

the  case  of zero  aerodynamic damping; approximately f o r  t h e  

case  when aerodynamic daaping i s  p resen t  . 
rnL.-. A A A G  ao:=tiofie indicate L'- u i t lc  i n  descending f i i g h t  a 

d i s tu rbance  r e s u l t s  i n  an o s c i l l a t i o n ,  the  frequency and 

damping of  which inc rease  exponen t i a l ly  wi th  t i ne .  I n  

ascending f l i g h t  fo l lowing  a d i s tu rbance ,  t he  pe r iod  

increases exponen t i a i iy  w i t n  t i m e .  The amplitude may a t  

first decrease  w i t h  t i m e  but w i l l  e v e n t u a l l y  inc rease  wi th  

t i m e  and the v e h i c l e  w i l l  l eave  the  atmosphere wi th  a 

t u n b l i n g  motion. 

The Sehaviour of the single-degree-of -freedom system 

18 probably t y p i c a l  of a multiple-degree-of -freedom system 

uuc l  b ~ 1 6 . b  t h i s  canno t  b e  a r b i t r a r i l y  assumed t o  be the case  

has been i n d i c a t e d  and should be t h e  s u b j e c t  of f u r t h e r  

h,.t tL. L 

8 tudy  . 

32 
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APPENDIX I 

c 

HYPERGEOMETRIC SOLUTION F O R  TKE 

DIFFSRZNTIAL EcZUATION 

e + hect5  + Sect@ = o .. 

The exac t  s o l u t i o n  of equa t ion  ( 5 )  i s  the  sum of  two 

r e l a t e d  hypergeometric s e r i e s  and was found t o  g ive  r e s u l t s  

i n  agreement with equat ion (ll), t h e  exac t  s o l u t i o n  wi th  

A -  I-, ", A u I  P I ,  --- V U L U G S  1 .- - o f  t f r o m  421 t o  80 seconds us ing  t h e  '& - 

values  of A ,  B ,  and c f o r  the  sample problem. I n  t h i s  

p e r t  of t he  motion the term e 

t h e  coxple te  s o l u t i o n  should agree with t h e  s o l x t i o n  

ne l e  c t i ng a e rodyn am i c  d m p  i ni; . 

A c t  
is  n e g l i g i b l e  so  t h a t  - ze 

The hypergeometric s e r i e s  proved t o  be u s e l e s s  f o r  

l a r g e r  va lues  of  t because of t h e i r  s low convergence and 

because they  involved a c c u r a t e l y  determining s m a l l  d i f f e r -  

ences  between ve ry  l a r g e  q u a n t i t i e s .  

s o l u t i o n  i s  presented  here merely f o r  t h e  information of the 

i n t e r e s t e d  r e a d e r .  The development i s  a s  fol lows:  In  the  

eqiratlon 

The hypergeometric 

+ Aect6 + Bect@ = 0 

L e t  
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I .  

c 

where 

This gives 

Let 

a Ild 

c t  t = a  

Substituting in (A-2) 

or 
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This  i s  the standard fo rm of t he  conf luent  hyper- 

geometric equat ion .  

i n  r e fe rence  8, p .  428, as 

A s o l u t i o n  for this equat ion  1s given 

where 

~* 

c 

( € 3  + k - 1) t1 k 
* \ A c  

k=l 

and 



I 

i .  


